On multiindices and multivariables presentation of the Voigt functions  by Pathan, M.A. et al.
Journal of Computational and Applied Mathematics 160 (2003) 251–257
www.elsevier.com/locate/cam
On multiindices and multivariables presentation
of the Voigt functions
M.A. Pathana ;∗, M. Kamarujjamab, M. Khursheed Alamb
aDepartment of Mathematics, Aligarh Muslim University, Aligarh 202002 UP, India
bDepartment of Applied Mathematics, Z.H. College of Engineering and Technology, Aligarh Muslim University,
Aligarh 202002 UP, India
Received 9 September 2002; received in revised form 7 April 2003
Abstract
This paper aims at presenting multiindices and multivariables study of the uni1ed (or generalized) Voigt
functions which play an important roˆle in the several diverse 1eld of physics such as astrophysical spec-
troscopy and the theory of neutron reactions. Some expressions (representations) of these functions are given
in terms of familiar special functions of multivariables. Further representations and series expansions involving
multidimensional classical polynomials (Laguerre and Hermite) of mathematical physics are established.
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1. Introduction and preliminaries
The Voigt functions K(x; y) and L(x; y) occur frequently in a wide variety of problems of physics
such as astrophysical spectroscopy, transfer of radiation in heated atmosphere, and also in the theory
of neutron reactions [1]. Furthermore, the function
K(x; y) + i L(x; y)
is, to a numerical factor, identical to the so-called ‘plasma dispersion function’, which is tabulated
by Fried and Conte [6] and several representations (integrals and series) of the Voigt functions
have been given by a number of workers, for examples, Exton [4], Reiche [9], Fettis [5], Srivastava
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and Miller [11], and Srivastava et al. [12] etc. First of all, we recall here the following integral
representations due to Reiche [9]:
K(x; y) = ()−1=2
∫ ∞
0
exp
(
−yt − 1
4
t2
)
cos(xt) dt (1.1)
and
L(x; y) = ()−1=2
∫ ∞
0
exp
(
−yt − 1
4
t2
)
sin(xt) dt (−∞¡x¡∞; y¿ 0); (1.2)
so that
K(x; y)± i L(x; y) = ()−1=2
∫ ∞
0
exp(−(y ∓ ix)t − 14 t2) dt
=exp[(y ∓ ix)2]{1− erf (y ∓ ix)}; (1.3)
where erf (w) denotes the error function [10, p. 28].
Srivastava and Miller [11, (8), p. 113] introduced and studied systematically a uni1cation (and
generalization) of the Voigt functions K(x; y) and L(x; y) in the form
V;v(x; y) =
(x
2
)1=2 ∫ ∞
0
t exp
(
−yt − 1
4
t2
)
Jv(xt) dt; (1.4)
so that
K(x; y) = V1=2;−1=2(x; y) and L(x; y) = V1=2;1=2(x; y); (1.5)
where the Bessel function Jv(z) of order v is de1ned by
Jv(z) =
∞∑
m=0
(−1)m(z=2)v+2m
m!(v+ m+ 1)
; |z|¡∞: (1.6)
Further representation (series) of the uni1ed Voigt function V;v(x; y) is given in [11, (11), p. 113] in
terms of  2, the Humbert’s conJuent hypergeometric function of two variables (see [10, (42), p. 59]).
2. Voigt functions of multivariables
In view of the above facts, we introduce and study the multivariable Voigt functions of the 1rst
kind, and of the form
K[x1; : : : ; xn; y] = ()−n=2
∫ ∞
0
t(1−n)=2 exp
(
−yt − 1
4
t2
) n∏
j=1
(cos(xjt)) dt (2.1)
and
L[x1; : : : ; xn; y] = ()−n=2
∫ ∞
0
t(1−n)=2 exp
(
−yt − 1
4
t2
) n∏
j=1
(sin(xjt)) dt
(y∈R+ and x1; : : : ; xn ∈R): (2.2)
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Obviously
K[x1; : : : ; xn; y]± i L[x1; : : : ; xn; y]
=()−n=2
∫ ∞
0
t(1−n)=2exp
(
−yt − 1
4
t2
)

n∏
j=1
[(cos(xjt))± i
n∏
j=1
sin(xjt)

 dt: (2.3)
For n=1, the above Eqs. (2.1)–(2.3) reduce to the elementary integrals (1.1)–(1.3), respectively.
From the view point of relation (1.6), we now de1ne the generalized (uni1ed) Voigt functions of
multivariables by means of integral
V;v1 ;:::;vn(x1; : : : ; xn; y) =
(x1
2
)1=2 · · ·(xn
2
)1=2 ∫ ∞
0
texp
(
−yt − t
2
4
) n∏
j=1
(Jvj(xjt)) dt

; y∈R+; x1; : : : ; xn ∈R and Re

 +
n∑
j=1
vj

¿− 1

 ; (2.4)
so that
K[x1; : : : ; xn; y] = V1=2;−1=2; :::;−1=2[x1; : : : ; xn; y];L[x1; : : : ; xn; y] = V1=2;1=2; :::;1=2[x1; : : : ; xn; y]: (2.5)
Making use of the series representation (1.6) and expanding the exponential function exp(−yt),
and then integrating the resulting (absolutely convergent) multiple series term by term (see [3]) we
obtain
V;v1 ;:::;vn(x1; : : : ; xn; y)
=2−1=2xv1+1=21 · · · xvn+1=2n
∞∑
m1 ;:::;mn;r=0
(−x21)m1 · · · (−x2n)mn(−2y)r
(m1)! · · · (mn)!r!(v1 + m1 + 1) · · ·(vn + mn + 1)
×
[
1
2
(
 +
∑
vj + 2(m1 + · · ·+ mn) + r + 1
)]
: (2.6)
Separating the r-series into its even and odd terms
V1 ;v1 ;:::;vn(x1; : : : ; xn; y)
=
2−1=2xv1+1=21 · · · xvn+1=2n
(v1 + 1) · · ·(vn + 1)
{

[
1
2
(
 +
∑
vj + 1
)]
× (n+1)2
[
1
2
(
 +
∑
vj + 1
)
; v1 + 1; : : : ; vn + 1;
1
2
;−x21 ; : : : ;−x2n; y2
]
−2y
[
1
2
(
 +
∑
vj + 2
)]
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× (n+1)2
[
1
2
(
 +
∑
vj + 2
)
; v1 + 1; : : : ; vn + 1;
3
2
;−x21 ; : : : ;−x2n; y2
]}
;
(Re
(
 +
∑
vj
)
¿− 1; ; y∈R+; x1; : : : ; xn ∈R); (2.7)
where  (n)2 denotes Humbert’s conJuent hypergeometric function of n-variables (see [10, (11),
p. 62])
 (n)2 [; 1; : : : ; n; x1; : : : ; xn]
=
∞∑
m1 ;:::;mn=0
()m1+···+mnx
m1
1 · · · xmnn
(1)m1 · · · (n)mn(m1)! · · · (mn)!
; max{|x1|; : : : ; |xn|}¡∞: (2.8)
For  =−v1 = · · ·=−vn = 12 , Eq. (2.7) reduces to the representation
K[x1; : : : ; xn; y]
=()−n=2
{

(
3− n
4
)
 (n+1)2
[(
3− n
4
)
;
1
2
; : : : ;
1
2
;
1
2
;−x21 ; : : : ;−x2n; y2
]
−2y
(
5− n
4
)
 (n+1)2
[(
5− n
4
)
;
1
2
; : : : ;
1
2
;
3
2
;−x21 ; : : : ;−x2n; y2
]}
; (2.9)
while the special values  = v1 = · · ·= vn = 12 of Eq. (2.7) yields the representation
L[x1; : : : ; xn; y]
=
(
2√

)n n∏
j=1
(xj)
{

(
3 + n
4
)
 n+12
[
3 + n
4
;
3
2
; : : : ;
3
2
;
1
2
;−x21 ; : : : ;−x2n; y2
]
−2y
(
5 + n
4
)
 n+12
[
5 + n
4
;
3
2
; : : : ;
3
2
;
3
2
;−x21 ; : : : ;−x2n; y2
]}
: (2.10)
When n=1, Eqs. (2.9) and (2.10) correspond to results (8) and (9), respectively, of Exton [4, p.
L 76]. Moreover Eq. (2.7) reduces to the known representation of Srivastava and Miller [11, (11),
p. 113].
3. Further representations
Let v=(v1; : : : ; vn)∈Rn, v¿− 1, x=(x1; : : : ; xn)∈Rn. We start from the de1nition of multiindex
Laguerre and Hermite polynomials of n variables [2, p. 174].
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Laguerre polynomials of n variables of order v∈Rn and degree k ∈N0 =N ∪ {0}, is the function
Lvk(x), de1ned by means of generating function
et(xt)−v=2
n∏
j=1
Jvj(2
√
xjt) =
∞∑
k=0
(k!)n−1
(k + v + 1)
Lvk(x)t
k ; (3.1)
where, for convenience, we have the following abbreviations:
(v) =
n∏
j=1
(vj) = (v1) · · ·(vn); x = ( x1; : : : ;  xn); ∈R:
(xv) = xv11 x
v2
2 · · · xvnn . Furthermore k = kI = (k; : : : ; k)∈Rn, k ∈N0 and k! = (k!)n.
On replacing 2
√
t by t and xj by x2j , j= {1; 2; : : : ; n}, respectively, in Eq. (3.1), multiplying both
the sides by t+
∑
vj exp(−yt − t2=2) and integrating with respect to t between the limits 0 and ∞,
we obtain
V;v(x; y) ≡ V;v1 ;:::;vn[x1; : : : ; xn; y] =
(x
2
)v+1=2 ∞∑
k=0
(k!)n−1Lvk(x
2)
(k + v + 1)22k
×
∫ ∞
0
t+
∑
vj+2k exp
(
−yt − 1
2
t2
)
dt; (3.2)
where the integral formula (2.4) is applied.
Expand the exponential function exp(−yt) in terms of series and then integrate to get
V;v(x; y) = (2)1=2(−
∑
vj−2)
∞∑
k=0
(k!)n−1L(v)k (x
2)
(k + v + 1)22k
×
∞∑
m=0
(−√2y)m
m!

[
1
2
(
 +
∑
vj + m+ 2k + 1
)]
;
(
; y∈R+; v; x∈Rn and
(
 +
∑
vj
)
¿− 1
)
: (3.3)
Separate the m-series into its even and odd terms, to get
V;v(x; y) = (2)(1=2)(−
∑
vj−2)(x)v+1=2
∞∑
k=0
(k!)n−1Lvk(x
2)
(k + v + 1)22k
×
{

[
1
2
(
 +
∑
vj + 1
)
+ k
]
1F1
[
1
2
(
 +
∑
vj + 1
)
+ k;
1
2
;y2=2
]
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−
√
2y
[
1
2
(
 +
∑
vj + 2
)
+ k
]
1F1
[
1
2
(
 +
∑
vj + 2
)
+ k;
3
2
;y2=2
]}
;
(
; y∈R+; v; x∈Rn and
(
 +
∑
vj
)
¿− 1
)
; (3.4)
where 1F1 denotes the conJuent hypergeometric function [8, (9), p. 123].
For particular values  =−v = 1=2 and v = 1=2, Eq. (3.4) reduces further to new representations
of Voigt functions of multivariables
K(x; y)≡K[x1; : : : ; xn; y] = 2(n−3)=4
∞∑
k=0
(k!)n−1L
(
− 12
)
k (x
2)
(k + 12)2
k
{

[
k +
3− n
4
]
×1F1
[
k +
3− n
4
;
1
2
;y2=2
]
−
√
2y
[
k +
5− n
4
]
1F1
[
k +
5− n
4
;
3
2
;y2=2
]}
(3.5)
= 2(n−3)=4
∞∑
k=0
(−1)kH2k(x)
2k(2k)!(
√
)n
{

[
k +
3− n
4
]
1F1
[
k +
3− n
4
;
1
2
;y2=2
]
−
√
2y
[
k +
5− n
4
]
1F1
[
k +
5− n
4
;
3
2
;y2=2
]}
(3.6)
and
L(x; y)≡ L[x1; : : : ; xn; y] = 2−(n+3)=4
∞∑
k=0
xI L(1=2)k (x
2)(k!)n−1
(k + 3=2) 2k
{

[
k +
n+ 3
4
]
×1F1
[
k +
n+ 3
4
;
1
2
;y2=2
]
−
√
2y
[
k +
n+ 5
4
]
1F1
[
k +
n+ 5
4
;
3
2
;y2=2
]}
(3.7)
= 2−(n+3)=4
∞∑
k=0
(−1)kH2k+1(x)
2k(2k + 1)!(
√
)n
{
[k +
3 + n
4
]1F1
[
k +
3 + n
4
;
1
2
;y2=2
]
−
√
2y
[
k +
5 + n
4
]
1F1
[
k +
5 + n
4
;
3
2
;y2=2
]}
; (3.8)
where Hk(x) denotes the Hermite polynomials of n-variables and the relations [2, p. 175]
L(−1=2)k (x
2
1 ; x
2
2 ; : : : ; x
2
n) =
(−1)k[(2k)!]n−1
22nk(k!)2n−1
H2k(x);
x1L(1=2)k (x
2
1 ; x
2
2 ; : : : ; x
2
n) =
(−1)k[(2k + 1)!]n−1
2(2k+1)n(k!)2n−1
H2k+1(x)
} x∈Rn; x1 =
n∏
j=1
(xj)

 (3.9)
are used to get Eqs. (3.6) and (3.8) respectively.
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For n= 1 (x = x∈R1), Eqs. (3.4)–(3.8) reduce to the known results of Kamarujjama and Singh
[7].
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